Online Appendix

A  Preliminaries

We first introduce relevant concepts on limit experiments and asymptotic representations.
We refer the reader to van der Vaart (1991, 1998) for comprehensive treatments.

An experiment is a measurable space equipped with a family of probability measures.
Let &, = (X", B, Pop : h € RX) where B, denotes the Borel o-algebra on X™. Each
&, corresponds to observing a random sample Xy,..., X, from P, ./ » with parameter
h e R¥. Also let € = (R*, Bk, N(h,I,}) : h € R¥) where B denotes the Borel o-algebra
on R, This experiment corresponds to observing a single Z ~ N(h, I ;01) with unknown h.
We suppress dependence of &,, €, P, , and N}, on ji to simplify notation.

The sequence of experiments {€,} is said to converge to the limit experiment £ if for all
finite subsets H of RX and every hy € R¥, we have

dN(h, I}
(groem) e (SRR L))
Py 1o e dN(ho, I,))

where Ty denotes convergence in distribution along {P,}. This convergence holds under
Assumption 2(i)-(iii) (van der Vaart, 1998, Example 7.15 and Corollary 9.5).

Because £ is dominated,'® we can invoke an asymptotic representation theorem of van der
Vaart (1991). For each {0,} € D there exists a matching decision 6-(Z,U) given by a
measurable map J,, : RE x [0,1] — D, the observation Z ~ N(h, I /;01), and an independent
randomization U ~ Uniform|0, 1], with the property that for each h € R¥,

lim P, ;,(6,(X") = d) = Py(0u(Z,U) = d), deD,

n—o0

where PP, is the product of the N(h,I') and U[0,1] distributions. Although d(Z,U) de-
pends on the randomization U in general, under our regularity conditions this randomization

is unnecessary and any optimal decision depends only on Z.

'%In particular, each N(h, I ') distribution has density with respect to Lebesgue measure.
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B Proof of Main Results

B.1 Proofs for Section 4

We first state and prove a lemma which is used to prove Theorems 1 and 2. The first part
shows that if 7 € II, then {¢}(-;7)} € D and its matching decision is independent of the
prior m and nonrandomized. Thus, we drop dependence of the matching decision on 7 and
U and simply write 6% (Z). In the second part, we derive expressions for criteria (11) and
(12) in terms of the limit experiment. Finally, in the third part, we show that our optimality
criterion (12) is minimized for matching decisions corresponding to {0;:(-;7)} for = € IL.
Recall that R,,, denotes the directional derivative of R(d,u) at po, Z ~ N(h, I

7T o

represents the asymptotic behavior of an efficient estimator of u, Z* ~ N(0, I ;01) indepen-
dently of Z represents asymptotic uncertainty about the local parameter h, and E* denotes

expectation with respect to Z*.

Lemma 1 Suppose that Assumptions 1 and 2 hold. Fiz any g € M for which there are no
first-order ties.
(1) If m € I, then {3} (-;m)} € D and the matching decision of {55 (-;m)} is 6% (Z) with

05 (z) = argmin E* [Rd#o [Z* + 2]

deQuo

for almost every z € RE.
(ii) For any {6,} € D,

R({0n}; po, h) = Z (Rd,uo [h] — ile%in Ri,uo [h]) Pr(6(Z,U) = d),

—H0
deD,,

R({6.3i) = | ( 5 (Frapalt] - i ol Ph<6oo<z,U>:d>>dh, (29)

deD,,, €Dy,
where 05 (Z,U) is the matching decision of {6, }.

(i7i) The matching decision 85 (Z) in (i) minimizes the right-hand side of (29) over all
matching decisions 0.,(Z,U) of sequences {5, } € D.

Proof of Lemma 1. Part (i): Let A, denote the event ¢} (X";7) € D, . By Lemma 11,
we have lim,, o /1 Bop(AS) = 0 for all h € RE. Hence, condition (ii) in Definition 1 holds.
In particular, if D, C D, then

lim Pp(05(X"m)=d) =0 allheRX andd ¢ D,,. (30)

n—oo
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Hence, if D, = {d} we have lim, o P x(6;(X";7) = d) =

It remains to characterize lim,, ;oo Pop(0;(X™;7m) = d) for d € D, when D, | > 2.
We require a rule to break ties when argmin, ., R, (d) is not a singleton. We shall take
the smallest index d among the set of minimizers, though it will be seen below that the
matching decision doesn’t depend on the tie-breaking rule. Thus, any (possibly randomized)
tie-breaking rule would lead to the same matching decision. Under this tie-breaking rule, we

have

0oy (X™m)=d] =1 [Rn(d) < min R,(i), and R,(d) < min Rn(z)} on A,

i€2H0:1<d iEQuO:iZd

where the minimum over an empty set is +o00. Since | Pr(A) — Pr(B)| < 2Pr(C°) it A= B

holds on C', we obtain

Pon(05(X™ 1) = d) — Py, (Rn(d)< min  R,(i), and R,(d) < min én(z)>’

iEQuO:i<d iEQMO:iZd

As R(d, o) = R(d', jio) for all d,d" € D, , we have

iEQ#O:i<d 1€D z>d

P, (Rn(d) < min R,(i), and R,(d) < min R, ())

— n,h(/\/ﬁ(R(d,u)—R(d,,uo))dwn < min /\/_ i, ) — R(, po)) dmn(p),

ZED z<d

nd [ VARG ) = R o)) dmalp) < _in_ [ VARG, 0 - RG uo»dwn(m).

’LE’D z>d

Now by Proposition 2, we have

(/ Vn(R(d, p) = R(d, o)) dwnm)) - <E* oo 27+ 2|21 >

deD deD

1o —H0

Define Uy = {(ui>i62uo Sug < minieQHO;Kd u;, and ug < minieguozigd ;b C RZwol for d € D,
These sets form a partition of RP«!. Evidently, int(Uy) 2 {(ui)iep t g < Milep, Jiid (T
Thus, boundary points of U, are points at which argmin, ep,, Ui is not a smgleton Since

argmingep ~E* (R0 Z* + 2]] is a singleton for almost every z it follows that

P, ((E [Rd,m 1z 4+ Z]) ZDdep c aUd> —0.
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Hence, by the Portmanteau theorem and the preceding four displays, for all d € D, we have

lim P (6(X"57) = d) = Po( (B [Rag[2° +2]|12] < _min_ B[y [2°+2]12]), and

iEQuO:i<d

(B lfragl2” + 2)12) < _min_ E'[Ri,(2" +2)|2])) . (31)
i€D,, 11>
Thus, we have shown that {0%(-;7)} € D.
We can now invoke Theorem 3.1 of van der Vaart (1991) to guarantee existence of the
matching form 0% (Z,U;m) of {5%(-;m)}. By (30), we see that §% (z,u;7) must take values
in D, for almost every (z,u). Moreover, as argmingep E* (R0 Z* + 2]] is a singleton for

almost every z, we may restate (31) as

lim P, ,(6%(X"7) = d) = P, <d — argmin B*[R; ., [Z* + Z] |Z]>.

n—00 ;
ZEQNO

Hence, we may take 0% (z,u;7w) = argmin;cp E* [R; o[ Z* + 2]] for almost every (z,u). As
—HO0

0% (z,u;m) doesn’t depend on u or 7, we simply write 0% (z).

Part (ii): By Assumption 1(i), mingep R(d, po + h//n) = mingep, R(d, o + h/+/n) holds

for all n sufficiently large. Hence, for all n sufficiently large,

Vi (En,h [R (0u(X") po + h/v/n)] — min R (i, po + h/ﬁ))
= 3" P (6a(X") = d) /i (R(d, po + h/v/0) = min R, uo +h/v/))

4<D,,

+ 7 VAP (0(X") = d) (R(d, o + h/v/m) — min R(i, o+ h/v)),
dgD,, =ho

where the second sum is zero if D = D, : otherwise, it converges to zero as n — oo by

Definition 1(ii) and Assumption 1(i). For the first sum, Theorem 3.1 of van der Vaart (1991)
implies
lim P, ,(0,(X") =d) =Pp(0c(Z,U) =d), deD

)
n—yoo Ho

where 0 (Z, U) is the matching decision of {4, }. As R(d,uo) = R(d', jio) for all d,d" € D, ,
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we have

Vit(R(d, po + /) = min R(i,uo + b/ /)
= Vi (R, i+ /) = () = v i BG4 /)~ i G )

=g )

= Rd#o [h] — min RZ sHO [h]

E’D

where the final line follows from the fact that if {f;}iez is a finite set of functions that are
directionally differentiable at o with f;(uo) = fir(uo) for all 4,7 € Z, then min;ez fi(p) has

directional derivative min;cz fwo [h] at pyp.

Part (iii): Let gauolh] = Ray[h] — miniep, Ri k). By part (i), we have

R({6,}; o) /( > Gapo[PIPL(S (Z,U)zd))dh

deD,,,
x 3. /// () = dJe 30 du d (g 1)) dh
deD,,,
/ / Z [[0oo (2, u) = d] (/gdﬂo[h] — 2 (z=h)T Iy (2—h) dh> dz du.
deD,,,

Changing the order of integration in the final line above is justified by Tonelli’s theorem,

which only requires non-negativity of the integrand. Define

1(z) = argmin/Ri,uo [h}e_%(z W 1o (=h) gh = argmin E* [RZ wlZ* + 2| . (32)

ieQuo ZGD

Evidently, any o with 6 (z,u) € Z(2) for almost every (z,u) minimizes the criterion. Since
there are no first-order ties at pg, the set Z(z) is a singleton for almost every z and the

criterion is minimized by 07 (z) derived in part (i). m
Proof of Theorem 1. By Lemma 1, for any {,} € D, we have
R({0n}; o) = / ( Z (Rdvﬂo [h] — iggn Rivuo [h]) Pp(00(2,U) = d)) dh
deQ}J‘O —H0

Z / < > (Rd#o [h] — min R, [h}) Pr(65(2) = d)>dh =R (-5m)}; po)-

€D
Dy
dEQuO
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Result (i) now follows by taking the infimum over {0,} € D and noting that {05(-;7)} € D
by Lemma 1(i).

Result (ii) follows from the fact that the matching forms 6% of {6} (-;m)} derived in
Lemma 1(i) do not depend on the prior 7w € II.

Finally, if {4, } € D is asymptotically equivalent to {d%(-;m)}, then {9,,} must also have
matching form §%_(Z). Hence, by similar arguments to the above, we have R({0),}; po) >
R({0n}; po) for any {0/} € D. Taking the infimum over {0/} € D yields result (iii). =

Proof of Theorem 2. First note that asymptotic equivalence cannot fail if \Quol =1,
since if D, = {d}, say, then lim,,_,o, P, 1(6,(X") = d) = 1 must hold for any {4, } € D.
Now suppose |D,, | > 2. Let gau,[h] = Raulh] — miniep, Ry [h]. By Lemma 1(ii)-(iii),

it suffices to show

/( Z gd,uo[h]Ph((;OO(Z7 U) = d)) dh > /( Z gd,#o[h]Ph(ézo(Z) :d)> dh7

€D, deD,,,

where 0o (Z, U) is the matching form of {d,,} and §% (Z) is the matching form of {0(-;7)}
from Lemma 1(i). Since both integrands are non-negative, by Tonelli’s theorem we may

restate this inequality as

1
/ / D I[6e(z,u) = d] ( / Gayuo[P] €2 Tuo (=) dh) dz du
0 deD,,
1
> / / Z 103, (2) = d] (/ 9d,uo[P] 3 g (=) dh) dz du.
0

deD,,

As {9,} and {6*(-;m)} are not asymptotically equivalent, we have

lim P, (6,(X") =d) # lIm P, (9, (X" 7) = d)
n—oo n—oo
for some hy € R and some d € D. As {§,} and {§}(-;7)} are both elements of D, we can
use Theorem 3.1 of van der Vaart (1991) and restate this in terms of their matching forms
doo(Z,U) and 0% (Z):
Pho(000(Z,U) = d) # Py, (05,(2) = d).

Hence, it must be the case that d.(z,u) and 67 (z) disagree on a set S of positive Lebesgue
measure. As 0% (z) € Z(z) for almost every z, and Z(z) is a singleton for almost every z

as there are no first-order ties, we must have that d.(z,u) & Z(z) on a set S’ of positive
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Lebesgue measure. Now by definition of Z(z), we also have that

5 1) = [ aulile "m0 an)

dte‘O
> ¥ 0 =l ([ aalil et I ).

deD,,,

holds for almost every (z,u), with strict inequality for (z,u) in a set of positive measure.

Integrating with respect to (z,u) yields the strict inequality above. m

Proof of Corollary 1. Immediate from Theorem 1 and the argument given in the text

preceding the statement of this corollary. m

Proof of Proposition 1. Let gq ., [h] = Ra,[h] — miniep, R;,0[h]. Note ga,[h] > 0. By

Lemma 1, we have

R({05(5m)}s po) < Z /gd,uo [h] Py (argmini@%Ri,m Z] = d) dh,

d€D,,

where interchanging summation and integration is justified by Tonelli’s theorem. Since

h € R, we split the integral into an integral over [0,00) and an integral over (—o0,0).

Suppose h > 0. For each d € D, , note g, [h] = hga,u,[1] by positive homogeneity. Suppose

Gaue[1] > 0 for some d € D, , else the integral is zero. Then d = argmin;ep R; 0 2] implies
—HO

Ga 2] = 0. And since gq,,[1] > 0 and gg4,,[ -] is positively homogeneous, g4,,[2] = 0 in

turn implies z < 0. Hence,
]P’h(argminieguofm’i’uo [Z] =d) <Pu(Z <0) =P(—h/0),
where 0 = I,"/* > 0, and ® is the CDF of the N(0,1) distribution. Then
/000 Gdpo [P P (argminiGQMORwo [Z] = d> dh < gq[1] /000 h®(—h/o)dh < cc.

One may similarly show the integral over (—oo,0) is finite. m

We first present a preliminary result before turning to the proof of Theorem 3.

Lemma 2 Suppose that Assumption 1 and 2 hold. Then {6,} € D is o-optimal at ug if its
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matching decision is 6.(Z,U) with

032, u) € argmin B | FgyZ; + (1 + (01,0) ™) 2]
€D,

2

for almost every (z,u) € RE x [0,1], where E} denotes expectation with respect to Z*
N0, (I, +o 1)),

Proof of Lemma 2. By Lemma 1(ii), for any {6, } € D we have

Ro((8}is0) 5 [ 3 gasalh Bal6(2.0) = d)e 1 an,

dED

where ga 0[P = Ra ] — miniep, R; 0[h] and §,(Z,U) is the matching decision of {4, }.

By Tonelli’s theorem, we have

Ro({6.}; 10) / / Z I[0eo (2, u) = d (/gd,uo[h] g(zh)mo(zh);ghzdh) o du.

deD,,,

Therefore, R ({05 }; t10) is minimized when

doo(z,u) € argmin/Ri’,m[h]e 3 (z=h) g (z=h) =5 I gy

i€D,,

for almost every (z,u). The result follows by completing the square. ®

Proof of Theorem 3. Lemma 1(i) implies

lim P, (6:(X™;7) =d) =P,(0"(Z) = d),
n—o0
for all d € D and h € RX, where
0 (2) =Z(2) :== argminiEQHOE* [R,-m [Z* + z]]

for almost every z, since there are no first-order ties. Similarly, Lemma 2 implies

im P, (65 ,(X™) = d) = Py(62(2,U) = d),

n—o0
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for all d € D and h € RX, where
55 (2,0) € T, (2) = avgminep, B [RigulZ; + (14 (01,0)7) ']

for almost every (z,u) € RX x [0,1].
For almost every z, we have by dominated convergence that
Tim B} | Ryl Z; + (1 + (01) ™) 72| = B [Ri[27 +2]]

Hence, lim, , Z,(2) = Z(2) for almost every z, and so lim,_,o, 0%(z,u) = §*(z) for almost

every (z,u). Hence, by dominated convergence and Theorem 3.1 of van der Vaart (1991),

lim P, a(35(X" ) = d) = B4(6%(2) = d)

n—o0

= lim P,(0;(Z,U) =d) = lim lim P, (5;';70(X") = d) ,

ag—r00 T—00 N—r00

as required. m

B.2 Proofs for Section 5

Once we fix (19, 70), the least favorable model {Pg) : t € M)} is a parametric model.
By Assumption 3(i)-(iii) and Example 7.15 and Corollary 9.5 of van der Vaart (1998), the
sequence of experiments {&, }, with &, = (X", B,,, P, : h € R¥) and P, ;, denoting the distri-
bution of X™ under Pg(,, 44/, /m), converges to a limit experiment & = (RE, By, N (h, ](7;)77]0)) :
h € RE). Because £ is dominated, the asymptotic representation theorem of van der Vaart
(1991) implies that each {d,} € D is matched by a 0,(Z,U) given by a measurable map
s : RE x[0,1] — D, the observation Z ~ N(h, I ), and an independent randomization

(“07770)
U ~ Uniform[0, 1], with the property that for each h € RX,

lim P, 1 (0,(X") =d) =Pp(0c(Z,U) =d), deD,

n—oo

where PPy, is the product of the N(h, I, Em)) and U|0, 1] distributions
Once these modifications are made, the proofs of Theorems 4 and 5 follow identical
arguments to the proofs of Theorems 1 and 2, using Lemma 12 in place of Lemma 11 and

Proposition 3 in place of Proposition 2.
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C Asymptotic Distribution of the Posterior Mean of

Directionally Differentiable Functions

In this section we derive the asymptotic distribution of the posterior mean of directionally
differentiable functions. Let f : M — R* be a directionally differentiable function of ;. The
first main result is Proposition 2, which presents the asymptotic distribution of the centered

and scaled posterior mean

ﬂ;3/¢aﬂm—fm@me>

along sequences of local parameters P, ;. In Proposition 3 we then extend this result to
semiparametric models. Both results are of independent interest. The most closely related
work is Kitagawa, Montiel Olea, Payne, and Velez (2020), which characterizes the asymptotic
behavior of the posterior distribution of directionally differentiable functions. We instead
characterize the (frequentist) asymptotic distribution of its posterior mean. For both results,

we assume the following:

Assumption 4 (i) f is integrable with respect to the prior w for u;
(ii) f is directionally differentiable at .

C.1 Parametric Models

We first consider parametric models as described in Section 4. We present some regularity
conditions and preliminary lemmas before giving the main result.
Recall the notation from Section 4. Define Z,, ,,, = \/iﬁ Yoy I;foléuo (X;). Let 7, denote the

posterior induced by m,(x) under a change of variables from p to h = /n(p—f10) — Zn 1y Let

P* denote the distribution of Z* ~ N(0, ') and let || - |7y denote total variation distance.

Lemma 3 Suppose that Assumptions 2(i)-(iii) and (v) hold, Assumption 4(ii) holds, and
7w € Il. Then there exists a sequence {B,} C R, with B, T +00, B, = o(y/n), such that for
all n sufficiently large,

sup ||V (£ (o + h/v/m) = (o)) = Fulh)|| < -

)
hel|hl|<2By, B,

and

- . 1 1
P o (||7Tn - P ||TV > B_%> < B_n
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Proof of Lemma 3. By Assumption 4(ii) and Proposition 3.3 of Shapiro (1990), for each
a € N there exists n, s € N such that n > n, ¢ implies

Vi (f(po +h/vn) — f(uo)) — fuo[h]H < 2-

sup
hi|hl<2a

Under Assumptions 2(i)-(iii) and since m € II, we may invoke Theorem 10.1 of van der
Vaart (1998), using Assumption 2(v) and Proposition 6.2 of Clarke and Barron (1990) to
deduce existence of tests with the desired properties. Further, we may use invariance of total
variation under location changes to deduce that for all @ € N there exists n, . € N such that

n > n,, implies
- 1 1
Paga (10 = Pl > ) < 3

The result follows by setting B,, = sup{a € N:n > (n, sV ngr)} for n > (ny ¢V ny ), then

letting B, increase slower if necessary so that B, = o(y/n). ®

Pr . - .
Let ~3° denote convergence in probability under {P, ,,}. Let E* denote expectation
with respect to Z* ~ N (0,1, !) independent of Z, ,,.

Lemma 4 Suppose Assumptions 2 and 4 hold and m € 11. Then

fn_E* [fuo [Z*+Zn,uo] — 0

‘ Pryig

anu'O:|

as n — 0.

Proof of Lemma 4. Let {B,} be as in Lemma 3. By a change of variables, we have

= /h-||h||<B Vi (F(po + 17" (Zo g + 1)) = f(10)) ditn(R)

+f VA ) = F(10) () == Ti + Trn
wllvn(p—110)=Zn, g | >Bn

Let A, denote the event ||Z, | < B, and |7, — P*|;, < B,? Assumption 2(iii) and

Lemma 3 imply lim,,_, B, (AS) = 0. Again by Lemma 3, on A, we have

<1—>O
_B .

n

Hjl,n - / f/Jo [Z'fl,,uo + h] dﬁ-n<h)
h:||R||<Bn

Note that f,,[-] is continuous under Assumption 4(ii) (Shapiro, 1990, Proposition 3.1) and
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hence that
Crim sup | fuofulll < oo. (33)

willuf| =1

Moreover, fu0[~] is positively homogeneous of degree one (Shapiro, 1990, p. 478). It therefore

follows by Lemma 3 that on A, we have

Now, as || Zy || < B, holds on A,,, we have by the triangle and Chebyshev inequalities that

Lol tdnm = [ g+ i)
BBl < Bn e lIhl| < B

2C
< 2B,Cf||7tn — P*|lov < Bf

n

— 0.

[ g iar | <o [ (zal+ ) ar
> By \

HhH>Bn

<o (BP0l >80+ [
h

< QCftI‘(]‘JOl)
=~ —Bn

HthP*(h))

{|plI>Bn

by Assumption 2(iii). Combining the preceding three displays, we see that

Hjl,n —E [fﬂo [Z* + Zn,uo]

ZWLO} H —0 on A,.

It follows that || J1, — E* [f,m (Z* 4+ Zn )| Znpio )| Pn—’go 0 because P, ,,(AS) — 0.

Pr, . . S\ e
2£%0. First note that by Assumptions 2(i)-(iii) we may

It remains to show that || 72|
invoke Lemma 10.3 of van der Vaart (1998), using Assumption 2(v) and Proposition 6.2 of
Clarke and Barron (1990) to deduce existence of uniformly consistent tests as required in
Theorem 10.1 of van der Vaart (1998). Hence, there exists a sequence of tests {¢,} and a
constant ¢ > 0 such that for every sufficiently large n and every p € M with ||p — pol| >
B,/ (2y/n), we have E,, . [0n(X™)] = 0 and E,, ,[1 — ¢, (X™)] < e~l=ml*AD) - Without loss

of generality we may take the tests to be nonrandomized (van der Vaart, 1998, p. 148). Then

\72,n = ¢n(Xn)j2,n + (1 - ¢n(Xn))L72,n7
where P, o (||¢n(X™) Tonll > 0) < Py (60 (X™) = 1) — 0. The remaining term is

fu;Bn<H\/ﬁ(u—;¢o)on,#O|| VR (f(1) = f(10)) TTimy Pu(Xi)/Pue (Xi)dr (1)

(1 _an(Xn)) jn )
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where J,, = [ 11— pu(Xs)/Puo(Xi)dm(p). By Lemma 6.26 of Ghosal and van der Vaart
(2017) and Lemma 10, there exists C' > 0 such that for any C,, > 0, the inequality

1

Py 0 (jn < C’n_K/Qe_QC”) < roh

holds for all n sufficiently large. Below we shall specify a sequence {C,,} C R, with C, T cc.
Letting A/, denote the event upon which [|Z, || < 3B, and J, > Cn~%/2e72%" both hold,
we have by the above display and Assumption 2(iii) that P, ,,(A)) — 0. It follows by the

union bound, Markov’s inequality, and Fubini’s theorem that for any ¢ > 0,

Popo (11 = 60(X") Tl > €)
_ Jutmtom oz, WA UG = Sl el inty)

— n
eOn—K/2e—2Cy Ll

(A7).

Split the numerator into integrals over N, = {p: 3B, < |[v/n(p—po)|| < €y/n} and Ny, =
{p |l — pol| > €} for € € (0,1) sufficiently small that w(u) < Cy on {p : || — pol| < €'}
Finally, Proposition 3.3 of Shapiro (1990) implies supy, <1 [[.f (10 +th) — f(1o) — fuolth]] =
o(t) as t | 0. Hence, we may choose ¢ > 0 such that || f (0 +th) — f(10) — fu[th]|| < ¢ holds
for all t <t and all ||h]] < 1. Let € = min{¢,¢}. It then follows for any u € Ny, that, by

setting t = |ju — poll and h = =227, we have [1f(1) — £(10) | < llfuolis = polll + 1t = ol

Hence, by (33), we have that || f(x) — f(po)ll < (14 C¢)||e — po|| holds on Ny ,,. Then

/N IV (F (1) = F(o)) e 0nrol*A0 )
<Cal1+Cy) [ Il = )l VT

< Cy(1+ Cf)n—K/Q/ | h||e=<IMI an,
h

I|h||>%Bn

where the final line is by a change of variables from p to h = \/n(u — o). The final integral

vanishes as n — 0o by dominated convergence. Further, by Assumption 4(i), we have

/N IV (f (1) = fpo)) lle™eUemrol ™ D) < /e me) /||f S (o)l (p2)-

Choosing {C,,} C R, with C,, 1 oo sufficiently slowly that

€2Cn / ||h||€_c”h”2dh N O, and n(K+1)/2620n—nC(5’)2 = 07
h:||R||>5 Bn
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it follows from the preceding four displays that P, ,, (|[(1 — ¢n(X™))Jonl >€) — 0. =

For the next result, recall that Z ~ N(h,I o 1), E* denotes expectation with respect to

Py, . . .
Z* ~N(0,1, 1) independent of Z, and 3" denotes convergence in distribution along {P.r}-

Proposition 2 Suppose that Assumptions 2 and 4 hold and = € I1. Then for every h € RE,

— Pn " . "

F R E a2+ 2)) 2]

Proof of Proposition 2. Assumption 2(i)-(iii) imply P = {P, : p € M} is locally asymp-
totically normal (van der Vaart, 1998, Example 7.15) and so { P, ,,} and {P, 5} are mutually

P, ) .
contiguous (van der Vaart, 1998, Example 6.5). Hence, with 2N denoting convergence in

probability under {P, }, we have by Lemma 4 that

Moreover, under Assumption 2(i)-(iii) we have by Le Cam’s third lemma (van der Vaart,
1998, Example 6.7) that

7 —E [ Fu |2+ Zop oy

an.u‘()i|

Do S 7~ N(h, I7D).

The result follows by the continuous mapping theorem, noting z — E*| fuo [Z* + z]] is every-

where continuous by Assumption 4(ii) and Proposition 3.1 of Shapiro (1990). m

C.2 Semiparametric Models

We now extend Proposition 2 to semiparametric models. In this case,

7= / V(1) — £ (o)) dma(p)

with 7, denoting the quasi-posterior in (25) based on a Gaussian quasi-likelihood. Before
giving the main result we first state and prove several lemmas. The first is a Bernstein—von
Mises result for the quasi-posterior. Let Z,, (uo.n0) = vR(ft — o). Let 7, (h) o e~ 2" Thar (g +
n~Y2(h + Zn (uomo)) denote the quasi-posterior for h under a change of variables from p to
h=/n(i— 1t0) = Zn,(uomo)- Let P* denote the distribution of Z* ~ N (0, I@EWO)).

Lemma 5 Suppose that Assumption 3(i),(iii),(v) holds and m € I1. Then

P,
|7 — Plov "48™ 0,
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Proof of Lemma 5. Fix any Borel set B C RX. We have

H[h S B]eiéhTfhﬂ'(,UO + n_l/Q(h + Zm(#oﬂ]o))dh
eiéthhﬂ—(NO + nil/Q(h + Zn»(#o,ﬁo))dh ‘

’ﬁ'n(B) = fh:u0+n71/2(h+va(uom0))EM

fhiuo+n71/2(h+zm(uowo))GM

Let {M,} C R, be a sequence with M,, 1 +o0o, M, = o(n'/?). Let A, denote the event upon
which || Z,, (u0n0)|| < My, and ¢ < ;\min, Aoy < €71 hold, where Amin and Aax are the smallest
and largest eigenvalues of I, and ¢ € (0,1) is chosen such that the minimum and maximum
eigenvalues of I, ., are contained in (¢,c') (such a ¢ exists by Assumption 3(iii)). We

have P, (,0.m0)(An) — 1 by Assumptions 3(iii) and 3(v). Moreover, by Assumption 3(i),
{0+ 1020+ Z o)+ [0 < Ma} © {ptg + V20 1B < 20} € M
holds on A,, for all n sufficiently large. It follows that for n sufficiently large, we have

sup |m(po + 1" 2 (h+ Zoguome))) — w(po)| < sup  w(po +n"2h) = w(po)| =: e (po)
lRl|<Mn |kl <2Mn,
on A,, where ¢, | 0 because 7 € II. The density 7(x) is uniformly bounded above by some
T < 400 because 7 € II. Hence, on A, for all n sufficiently large (independent of B),

I[h € Ble 2" (g + 1= Y2(h + Ziy (g o )P

fh:,uo-l—n_l/Q(h—‘an eM H0,70)

,(uomo))
(1 —en)m(10) fh:IIhIISMn o shTIh g
< (1 +2n) Jupnycas, 10 € B]@‘%"Tf" dh . T Jrons, € 2" b
(1= 20) fupmyn, € 2" b (1= en)m(10) fupyens, " b
(1+e¢,) [I[h € Ble s"" ™ dp T fonpons, € S dh
(1= £0) Srpngens, € 2" Tdh (1= e)m(10) fymyear, €2 " dh’

n(B) <

<

where the second term on the right-hand side, say ?;,, converges to zero by dominated

convergence. Moreover,

_1,Tf —inTin —<||h|?
[e2"1hah - Sumgar, € 2" b < Juuysar, € 2" dh

5171 = - —
o “1nTin —LpTip g = — o5 IRl
e 2" "dh e 2" "dh fh:\thSMne 2" h,

fh:”h“SMn

0,
fh:HhHSMn
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on A,, again by dominated convergence. Hence,

(14,  [e2"hdh  [1[h e Ble 2" " dh
(=) fomens, € 2" hdh - [ ez Thd
_ (A +e)(+61)

n(B) <

+ tl,n

P(B) +t,, (34
—— (B) +tin, (34)

holds on A, for n sufficiently large (independent of B), where P denotes the distribution
of Z7* ~ N (O,f -1, and &,, 01, and t;, are all independent of B and converge (either
deterministically or in probability) to zero.

Similarly, for all n sufficiently large (independently of B), on A,,, we have

Jrstmizas, T € Ble™ 2" (g 4+ n=2(h + Zy (4 ) )l
=2 (g + 02 (h 4 Z g A

m(B) =
fh:/‘0+"_1/2(h+zn (10:m0))EM

(1= £)7(t0) [y ynjens, 1 € Ble —LhTingp,
6_7h Iin (NO 4 n—1/2(h + Zn,(uomo))dh

>
fh:uo+n71/2(hJFZn,(#oWO))EM

_1aTT
(1 —e,)m (o) fh:llhIISMn I[h € Ble =" "dh
(U4 020) frgmgean, € 2" (0 + 072 (R + Zi o ) AR

where
—1pTin —
5 fhi#OJr"_l/z(thZn,(HO,nO))EM e 2 71'(,u0 +n 1/2(h -+ Zn,(uo,no)>dh .
2n = _lpT7] B -
Sini<as, € 2" T (po + 72 (h + Zinug oy )R
= _1xTIp — —<||hl2
7Tfh:HhH>Mn €2 dh Trfh:||h||>Mn e 5" dn

= = < ——— — 0.
(1= e)m(h0) Srpmyens, € 2" dh ™ (1= €a)m(pi0) fypnyens, € 2" dh

Hence, on A, for all n sufficiently large (independent of B),

Tn(B) > (1—en) J eIl [y, b € Blem 2 dh
n T (14 02,)(1 +€n) fh'||h||<Mn o~ ShTIh gy, f o~ 5hTIn gy,
o (L= en)(1 = 61) Jonyns, Ilh € Ble™# dh
N (1+52n)(1+5n) f _7hTIhdh
S (=) =din) 5 P(B) - (1= a)(1 = 610) Juspnjoas, € 2" dh
T (14 020)(1+¢4) (L+02)(1 +€n) e~zllhl’qn

A16



where the second term on the right-hand side, say ts,, converges to zero by dominated

convergence. Hence,
(1—e,)(1—0d10)
(1+020)(1+¢,)

holds on A,, for n sufficiently large (independent of B), where &, 014, 02, and ¢y, are all

n(B) P(B) — ta, (35)

v

independent of B and converge (either deterministically or in probability) to zero.

Combining (34) and (35) and using the fact that P, (.,4)(A4n) — 1, we may deduce
~ > _ ~ A P (ugmo)
|7n — Pllrv = s%p 7.(B) — P(B)| "0,

where the supremum is over all Borel sets. Finally, it is easy to deduce (e.g., by using
Pinsker’s inequality) that the total variation distance between the N(0,%;) and N(0, )
distributions converges to zero as ; — Y5 for Xy positive definite. It therefore follows by
Assumptions 3(iii) and 3(v)b that |2 — P*|lzy %™ 0. m

Lemma 6 Suppose that Assumptions 3(i),(iii),(v) and 4(ii) hold and = € II. Then there
exists a sequence {B,} C Ry with B, T +00, B, = o(y/n), such that for all n sufficiently
large,

sup ||V (f (o + b/ V) = (o) = fualhl| < 5-

b
he||h | <2Br B,

and
- * 1 1

Proof of Lemma 6. The result follows by similar arguments to the proof of Lemma 3,

using Lemma 5 in place of the (parametric) Bernstein—von Mises theorem. =

For the next result we invoke Assumption 3(v)a, but we only require ||v/n(i — )| to
be bounded in probability under {P, (.0,
Z* ~ N(0,I7" ) independent of Z,, (u0.10)-

? ~(posmo)

y}. Let E* denote expectation with respect to

Lemma 7 Suppose Assumptions 3(i),(iii),(v) and 4 hold and © € 1. Then

|

- . . . Pn,(u 0)
o [l Tt ]| 57

as n — Q.
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Proof of Lemma 7. Let {B,} be as in Lemma 6. By a change of variables, we have

Jo = /h-||h||<B vn (f(ﬂo + n*1/2(Zn7(H0,m) +h)) — f(,uo)) din(h)

+ / Vi (f(p) = f(po)) dma(p) =t Tin + Fon.
NI

Let A, denote the event || Zy (uo.mo || < Bus 10 — P*|lpy < B2, and ¢ < Ain, Amax < ¢! for
some c € (0,1). Assumptions 3(iii) and 3(v) and Lemma 6 imply lim,,_,o Py (49,n0)(A5) = 0

Again by Lemma 6, on A,, we have

l

where, as in the proof of Lemma 4, we may deduce that

on A, and

jl,n - / fuo [Znu(#omo) + h} d%n(h) < B_ — 0,
hi||h||<Bn

n

) _ . . 20
/ fuo [Zn,(uomo) + h] dﬂn(h) - / fuo [Zn,(uo,no) + h] dpP (h)H < Bf — 0,
R:||h||<Bn h:||h||<Bn, n

on A,, where the latter convergence holds in view of Assumption 3(iii). It follows that

; QCftI‘(]_l )
/ Juo [Zn,(uomo) + h} dP*(h)H < Z (kom)? — 0,
h:”h”>Bn Bn

*[ r * P’”»(ll« ,M0)
”jl,n —E [fuo[Z + Zn,(uo,no)]’Zn,(uo,no)]H =0,

Pnn B . .
It remains to show that || Ja|| #9700 (). To this end, write

Ton = Vi (f(n) = f(po)) dma(p)

/;L:Bn<||\/ﬁ(u—ﬂ)ll<ex/ﬁ

n / Vi () = F(0)) dma(pt) = Tana + Tani
eV (p—p) | >ev/n

where, as in the proof of Lemma 4, we choose € > 0 sufficiently small that || f(x) — f(ro)|| <
(1+ Cy)||pr — po] holds for p with |[n — pol| < 2¢e. Then on A, we have

By,

— < lp = f 0 — < lp— f
[t = poll < [l = all + [[2 = poll < [l u||+\/ﬁ,
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so{p:|lp—pl <e} S{p:||p— poll < 26} for all n sufficiently large, in which case

1Z2,n.0ll < (1+C5) (/B e V(=) dma () +Bumn({p : Bn < \/ﬁ(u—ﬂ)}))

Taking € smaller if necessary, we have {u : || — po|| < 2¢} € M in view of Assumption 3(i).
Then by dominated convergence and the fact that ¢ < ;\min, Xmax < ¢! holds on A4, we

have

i) [ () < Sz I3 a0 & 0220 4 Ziom

/N5Bn<||\/ﬁ(ﬂ_ﬂ)”<5\/ﬁ f eiiHhHQﬂ_(NO + nil/Q(h + Zn,(uo,no))dh

and

fh:||h||>Bn

6—§||h\|27r(uo + nil/Q(h + Zn,(uo,no))dh
f e—ﬁl|h||2ﬂ-(,u0 + n—1/2(h + Zn,(uomo))dh '

Bym,({p: By < \/E(M -} < B,

Po o,
It then follows by similar arguments to the proof of Lemma 5 that || J2.n.all gl g,

Finally, for J5,,5, on A, we have

Ve [ f(u) — Fluo)m(w)dp
n—K/zfe—iHh\Pﬂ(uo +nV2(h+ Z,

Tanpll < :
|l S

,(0,m0

The integral in the numerator is finite by Assumption 4(i) and the integral in the denominator
may be shown to be bounded below by a positive constant on A, by similar arguments to

Pr (ugom
the proof of Lemma 5, from which it follows that || 75| e m

For the next result, let Z ~ N(h,I o 1) and let E* denote expectation with respect to
Z* ~ N(0, ") independent of Z.

7 T o

Proposition 3 Suppose that Assumptions 3 and 4 hold and = € I1. Then for every h € RE,
= Pon [ 2 .
W E a2+ 2)| 2]

Proof of Proposition 3. Assumption 3(i)-(iil) imply P = {Psq) : t € M)} is locally
asymptotically normal (van der Vaart, 1998, Example 7.15) and so { Py (.m0} and {Pn s}
are mutually contiguous (van der Vaart, 1998, Example 6.5). Hence, with Pi}h denoting

convergence in probability under {P, 1}, we have by Lemma 7 that

Py p

fn—E [fuo [Z* + Zn,(,uo,no)} ’ va(,uomo)] H =" 0.
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Moreover, under Assumption 3(v)a we have

P .

Zn W Z o~ NI .

£05M0)

The result follows by the continuous mapping theorem, noting z — E*| fuo [Z* + Z]] is every-

where continuous by Assumption 4(ii) and Proposition 3.1 of Shapiro (1990). m

D Bounds on Mistake Probabilities

~1/2

Definition 1(ii) requires mistake probabilities to vanish faster than n='/?. The main results

of this section are Lemma 11, which shows that mistake probabilities for Bayes decisions

1

vanish at rate n™", and Lemma 12, which presents a result for quasi-Bayes decisions.

D.1 Parametric Models

We first present some preliminary lemmas before proving Lemma 11.

Lemma 8 Suppose that Assumption 1(i) holds. Then for any pg € M there exists €,¢' > 0
such that

Ta({re sl — poll = €}) < 2€ (36)

implies 0, (X™;m) €D, .

Proof of Lemma 8. If D, = D then the result is trivial. Now suppose D, C D. By

=

Assumption 1(i), we may choose €, > 0 such that

min R(i, ) — max R(i, ) > ¢, e N -={u:llu— < el
igguo ( 'LL) ieQ#o ( ,U,) H {N H:U' ,UOH }

We have
max R, (i) < max/ R(i, p) dm, (1) + max/ R(i, ) dm,, ()
N c

i€D,, i€D,, i€D,,

< max R(i, i) dm, () + 7 (N°) || R|| oo,
NZGQMO

where || R||o := SUpP (g epxm [ 12(d, )| < 0o by Assumption 1(i), and
min 2.(0) > min | AGwdr) + min [ Rl drGo
> [ min R(i, p) dmo () = 7 (N) || B co-

N N i€2#0
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Hence,

. — . - — . > . . - . o C
win R(0)— max Rali) > [ (mDn R ) imaxR(z,m) d (1) — 20 (V)| R

=ho =mo =ho Lo
> Tn(N)e = 20 (N°)[| Bl
=& = m(N%) (e + 2| Rl 0)-

If m,(N¢) < TR = 2¢’ holds, then

i Fol) = g Fali) 2 2 =5 =

c
27

DN ™

which implies

_ _ e _
N N E : :
z‘?ﬁz R,.(1) < ’Lgﬁ?@ R,.(7) 5 < Z%Z R,.(7),

and hence that ¢;(X";7) €D, . =

Lemma 9 Suppose that Assumption 1(i) holds. Take any pg € M and h € RE | and let

e,€ be as in (36) of Lemma 8. Suppose that there exist tests {¢,} with the property that
Epn[on(X™)] < C'e™™ and sup,,.,—pose Enpu[l — on(X™)] < C'e™C for C,C" > 0. Then

Cle—nC’ N C/e—nC/Q N 4
¢ en({n: Drrlppinsymllpn) <n=t}) - nC

P (6,(X"7) €D,,) <
Proof of Lemma 9. In view of Lemma 8, we have

Pop (55(X"m) € D,) < P (a1 — poll > e}) > 2¢).

We proceed by similar arguments to the consistency theorem of Schwartz (1965) but centering

along P, ;. Write

Pon (mn({pe e 10— poll = €}) > 2¢') < P (¢n(X") > ¢)

P, ((1 — on(X") [ T1iss p}(Xi)/puo-&-h/\/ﬁ(Xi) dr(p) 6,) ’

where J, = [T1i2) pu(Xi)/Puosnyym(Xi) dn(p) and N¢ = {p : || — poll > €}. The first
probability on the right-hand side is bounded by C’e~"¢ /¢’ by Markov’s inequality. For the
second, Lemma 6.26 of Ghosal and van der Vaart (2017) implies that for any B > 0 and
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c Z n71’17
—2nBe 1
Pop (In < 7({1r - Drr.(Pugsn/yallpn) < €})e ) < B
Hence we may deduce
P ((1 = (X)) Jye ITmy Pu(X) /Dy sy (X)) dr (1) ,)
n,h j > €

_ Ban [0 = 0L (X™) Jyve Ty Pu(Xa) /Py (Xs) de (1)) L1

B em({p s Dr(Buosnsvallpn) < e})e2nbe B
The numerator in the first term on the right-hand side may be bounded by C’'e~" using

Fubini’s theorem (see, e.g., the proof of Lemma 6.17 of Ghosal and van der Vaart (2017)).
Setting B = Cn/4 and ¢ = n~!, the right-hand side of the above display is bounded by

ClefnC/Q 4
+ A
em({ : Drr(Pugrnyymllon) <n7t})  nC

as required. m

Lemma 10 Suppose that Assumption 2(i),(ii)-(iv) hold and © € II. Then for py € M and
h € RE,
lim inf 07 ({t : Dicr(Dugnsymllpn) <n™'}) > 0.

n—o0

Proof of Lemma 10. Assumption 2(iv) implies Dgr,(p+n/ mllPn) < Bllpw— po — h/+/nl|?
on a neighborhood of g for all sufficiently large n, with B = 2A,ax({,,) < oo by As-
sumption 2(iii). Hence, for all n sufficiently large, ||x — po — h/+/n||*> < (Bn)~! implies
Dir(Pug+nyymllpn) < n'. Assumption 2(i) and the positivity and continuity of 7 imply
that 7({p : || — o — h/v/n||> < (Bn)~'}) is bounded below by a multiple of n=%/2 for all
n sufficiently large, and hence that 7({t : D1 (Dye+n/vallPp) < n~'}), is bounded below by

a multiple of n=%/2 for all n sufficiently large. m

Lemma 11 Suppose that Assumptions 1(i) and 2 hold and w € I1. Then there exists C > 0
such that

- ¢
P ((sn(X ;70) 952“0) < o
Proof of Lemma 11. We will prove the result by applying Lemma 9. We first establish
existence of tests as required by Lemma 9. We proceed as in Propositions 6.1 and 6.2 of Clarke

and Barron (1990). Let dg denote the metric they construct to metrize weak convergence.

1"The result is stated requiring B > 1, but inspection of the proof shows any B > 0 is valid: restricting
to B > 1 is simply so the probability bound of 1/B is not vacuous.
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Let P, = f’n(X ") denote the empirical measure. As shown in the proof of Proposition 6.2 of
Clarke and Barron (1990), for any ¢ > 0 there exists an integer k depending only on € such
that

Pog (de(Py ) > 2) <2ke ™™, e M. (37)

By Assumption 2(v), there exists € > 0 such that ||u — pol| > € implies dg(P,, P,,) > €.
Consider the test ¢,(X") = I[da(P,, P,,) > €/2]. Again using Assumption 2(v), take n
large enough that dg (P, 4n/m: Fue) < € /4. Then by (37), we have

Enp[60(X")] < Pun (P, Paynyys) > €/4) < Cle™©

for suitable C, C’. We may similarly deduce as in the proof of Proposition 6.1 of Clarke and
Barron (1990) that for any p with [|u — uol| > € we have E, ,[1 — ¢,(X™)] < C"e "¢ for
suitable C, C' not depending on u. Thus, we have verified existence of a sequence of tests
with the desired properties.

By Lemma 9, it suffices to show e"“w({t : Dgr(Puysn/yallpn) < n7'}) — 4oo for any

¢ > 0. This follows immediately from Lemma 10. m

D.2 Semiparametric Models

Lemma 12 Suppose that Assumptions 1(i) and 3 hold and w € I1. Then for any (uo,n0) €
M xH,
Vi Py (6,(X"7) €D,,) =0

for all h € RX.

Proof of Lemma 12. In view of Lemma 8, we have

P (0,(X™m) € Dyy) < Pogu (ma({p: I = poll = €}) > 2¢€)

for some €, ¢ > 0. By Assumption 3(i), choose C' > 0 such that {u : ||u — pol| < C} C M.
Taking e smaller if needed, we may assume ¢ < (. Recall that S\min and S\max denote the
smallest and largest eigenvalues of I. Let A, denote the event upon which ||fi— 0| < €/2 and
¢ < Amin < Amax < ¢ both hold, where the constant ¢ € (0,1) is from Assumption 3(iv)b.

Note 7 has a positive, continuous, and bounded Lebesgue density m(u) on M, hence 7 :=
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SUp e () < 0o and m = inf <o (1) > 0. Tt follows that on A, we have

({1 = poll > €}) < m({p: |l — all = €/2})

e )T () (i
fuzllu—ﬂHZeﬂe 3 (u=)" (nd)(p—fr) dr (1)

< 2 N
St zo—egp € 20TITOD0D dr ()

—slrl? gp,

_>
= — L R12
T fpl<yic—ez € = dh

T Juhliz e/ ©

0,

where the first inequality is by the reverse triangle inequality, the final inequality is by a
change of variables from p to h = \/n(p — j1), and convergence to zero is by the dominated
convergence theorem. We therefore have that m,({u : || — pol| > €}) < 2¢ holds on A, for

all n sufficiently large, in which case

B (mn({p s [l = poll = €}) > 2€') < P (A7)

Finally, v/nP, (A%) — 0 by Assumption 3(iv). =
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